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For a given number field K, does there exist an extension M of odd prime degree 
I such that the relative discriminant of M/K is a principal ideal, but M/K has no 
relative integral basis? A general, but incomplete answer is given to this question 
when K/Q is a normal extension. If, in addition, [K:Q] is odd, the answer is 
complete. A detailed study is done when K/Q is a quadratic or normal quartic 
extension. ‘c! 1992 Academic Press, Inc. 
1. INTRODUCTION 
If an extension M/K of number fields has an integral basis then its 
relative discriminant A,,,,, must be principal. Since the converse is false, 
this gives rise to the question: Given a number field K, does there exist an 
extension M of K such that A,,, is principal, but M/K has no integral 
basis ? 
If d is the discriminant of any K basis for A4 then A,,, = B’(d) for some 
ideal B of K. The ideal class of B is called the Steinitz class of M with 
respect to K. Artin [ 11 has shown that M has a relative integral basis over 
K if and only if the Steinitz class for M/K is principal. Since A,,, is prin- 
cipal whenever the Steinitz class of M/K has order 1 or 2, the question can 
be rephrased as: Does there exist an extension M/K having Steinitz class of 
order 2? 
In [4], Pierce claims to have shown that if K is a quadratic or normal 
quartic number field with even class number and 1s 3 (mod 4) is a prime 
then there exists a normal extension M/K of degree I which has no integral 
basis, but A,,, is principal. If such a field M exists, Pierce says K has 
property (*) with respect to 1. We shall refer to this condition as (*),. In 
this article, the primary concern is whether or not K has (*), for primes 
I= 1 (mod 4), but the main results are valid for all odd primes. For 
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quadratic and cyclic quartic fields, new proofs of Pierce’s results are given. 
However, in the case of bicyclic, biquadratic fields, we discovered Pierce’s 
result was not quite correct. A corrected version of his result is given in the 
last section of this article. 
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2. NOTATION AND TERMINOLOGY 
Algebraic number field. 
Odd rational prime which does not divide [K:Q]. 
Ideal class group of K where b, > b2 2 . . . 3 b, and 
H’ is the maximal subgroup of H of odd order. 
Basis for the 2-Sylow subgroup of H so that C, 
generates a cyclic subgroup of H or order 2’1. 
Prime ideal of K in C;. 
Subgroup of H that consists of all elements C such 
that Cc’- ‘)I* has odd order. 
2-part of the Hilbert class field of K. 
Subfield of K’ corresponding to H,. 
Discriminant for M/N. 
Primitive Zth root of unity. 
Ramification indices of I in K and K(c), respectively, 
where 1, and r are odd. 
2Y2 = [K(c): K], where I, is odd. 
9 A prime ideal of K( [) lying over (I). 
L=ZC-JK. 
v2 The 2-adic valuation on Q. 
3. PRELIMINARY RESULTS 
In [2], Long showed that for a fixed odd prime 1, an ideal class of K is 
a Steinitz class for some normal extension of degree 1 over K if and only 
if it is a product of classes Cc’- ‘)/* such that C contains a prime divisor of 
1 or a prime of K which splits completely in K(c). He also showed that the 
classes of K which are Steinitz classes for some normal extension of degree 
I form a subgroup of the ideal class group of K. Hence, K has (*), if and 
only if this subgroup contains an element of even order. 
PROPOSITION 1. If e, > 6, then K does not have property (a),. (Here I 
may divide [K:Q].) 
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Proof: If CE H then C (‘- “I’ has odd order. Hence K does not have 
(*I/. 
For the remainder of the article K/Q will be a normal extension. Let I 
and I,, denote the inertia fields for 9’ over Q and K, respectively, and I, 
denote the inertia field for L over Q. 
LEMMA 2. The inertia fields satisfy In K = I, and IK = I,. 
Proof. Let L, = L n I, = Y n I,. Since L, is unramilied over Q, I, c I. 
Since L, ramifies totally in K, I, = In K. It is immediate from Theorem 
13.1 of Mann [3] that IK=I,. 
LEMMA 3. The 2-part of the ramification index of 9 over Q is deter- 
mined by e=max{eo, e,}. 
Proof: Since K(c)/I is normal and totally ramified at 9 of 
degree relatively prime to 1, it is a cyclic extension. Now [&:I] = 2V, by 
Lemma 2 and [I([) : I] = I - 1 = 2”Z0 since 9 n I is unramified over 
Q. Since K(~)=I,(~)=I,I(~), [K([):I]=l.c.m.{[I([):I], [I,,:I]}. Thus 
e=max{e,,e,j. 
LEMMA 4. Let KS FC K(c) with [F: K] = 24 Then L does not ramifv in 
Ffandonly lyd<e,+e,--e. 
ProoJ: L is unramilied in F if and only if Fc I,. Since K(c)/K is cyclic, 
FcI, if and only if 2dl [I,:K]. Since [K([):I]=2’r, [I,:I] =2e’li, and 
[K([):K] =2’Vz, it follows that [I,:K] =2e’+e2pe1112r-‘. 
LEMMA 5. The field K does not have (*)! if and only if K, E K(c) and 
L”- ‘V is in a class of odd order for all prime divisors L of (I) in K. 
Proof. By Long [2] we need only show that K, c K(i) if and only if 
PC’- ‘)j2 is in a class of odd order for all prime ideals P of K which split 
completely in K(i). Now, K, E K(i) if and only if the set of primes which 
split completely in K(c) also split completely in K,. Since a prime P of K 
splits completely in K, if and only if PC’-‘)” belongs to a class of odd 
order, the result follows. 
THEOREM 6. Ifb,>e, or b,>e,+e,+e,-e then Khas (*),. 
Proof: If not then by Lemma 5, K, E K(i). Since G(K([)/K) is cyclic, 
it follows that H/H, is cyclic. Since H, N Cb,,,-, 2*z-eo+1Z2~, x 
c b, G eo -, Z2bJ x H' and Wff, is cyclic, it follows that b2 deO- 1 and 
v,([H:H,])=b,-e,+l<e,+e,-e by Lemma 4. The result now 
follows. 
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COROLLARY 7. Ife, =0 then K has (*), ifand only ifb, ae,,. 
Proof If e, =0 then e=e,=ez and the result is immediate from 
Proposition 1 and Theorem 6. 
Remark. If [K: Q] is odd then e, = 0 so Corollary 7 applies. 
4. QUADRATIC FIELDS 
In this section we specialize to the case where K= Q(d) is a quadratic 
field. A new proof is given for Pierce’s result when 1 - 3 (mod 4) and a 
solution to the problem is obtained when 1 E 5 (mod 8). The main results 
of the previous section can be simplified to: 
THEOREM 8. If 6, <e,, then K does not have (*),. If b, > e, then K has 
(* ),. If b, = e, and I is unramrjied in K or 6, = e, then K has (* ),. 
Proof: The first statement follows from Proposition 1. Note if KS Q(c) 
then b, =O. Thus we may assume KS Q(c), so e2 =e,. Also, e=e, and 
e,=O or 1, so eO+e,+e,-e=eO+e,. The proof is now immediate from 
Theorem 6 and Corollary 7. 
COROLLARY 9 (Pierce’s Result). If 1~ 3 (mod 4) then K has (*), ij” and 
only if h is even. 
Proof. From Theorem 8, we need only consider the case b, = 1, 6, = 0, 
and 1 is ramified in K. Since b, = 1, K # Q(n). Since 1 E 3 (mod 4), 
K, = K’ and [K, : K] = 2. If K, #K(n) then Lemma 5 shows that K has 
(*),. If K1 = K(n) then K is imaginary and L must belong to a class of 
even order. Hence Lemma 5 still applies. 
COROLLARY 10. if I = 1 (mod 4), 6, = e,, b, = 0, and 1 is ramified in K 
then K does not have (*),. 
Proof Since the 2-Sylow subgroup of H is cyclic of order 2=O, Hi is the 
unique subgroup of H of index 2. Because Q(a) has odd class number, 
K# Q(a). Thus K($)/K . is an unramilied extension of degree 2, so 
K, = K(d) E K(5). Since L”- I)‘* = (l)“- ‘)I4 is principal, Lemma 5 shows 
K does not have (*)/. 
COROLLARY 11. If 1~ 5 (mod 8) then K has (*), if and only if one of the 
following conditions is satisfied: 
(i) b,>3 or b,32. 
(ii) b, = 2 and 1 is unramified in K. 
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(iii) b, = 2, b, = 1, I is raml$ed in K, and (l/p) = - 1 .fbr some prinw 
p which has a prime divisor in K that belongs to an ambiguous class for K/Q. 
([fp=2, we define (I/2) to be (2/l).) 
Proof: It follows from Theorem 8 and Corollary 10 that we need only 
consider the case b, = 2 and hz = 1 with 1 ramified in K. Since 
L”-II/Z= (l)“-IV4 is principal, Lemma 5 shows K does not have (* ), if and 
only if K, E K(i). Since [H:H,] = 2, K, c K(c) if and only if K, = K($). 
Since I = 5 (mod 8), the 2-Sylow subgroup of H, consists precisely of the 
ambiguous classes for K/Q. Since K($)/K is an unramified extension of 
degree 2, K, = K(a) ‘f 1 and only if all primes of K belonging to the 
ambiguous classes split in K(a). But this is true if and only if (l/p) = + 1 
for all primes p which have prime divisors that belong to ambiguous 
classes. 
COROLLARY 12. If I= 5 (mod 8), all ambiguous classes of K/Q are 
strong, 1 is ramlyied in K, 6, = 2, and b, = 1 then K has (*), ! f  and only if 
(l/p) = - 1 for some prime p which divides the discriminant of K/Q. 
COROLLARY 13. If 1~ 5 (mod 8), 1 is ramified in K, b L = 2, b, = 1, and 
K is imaginary then K has (* )[ if and only lf 2 is ram$ed in K or L does 
not belong to the principal genus qf K. 
Proqf Since I E 5 (mod 8), (2/l) = - 1. If 2 is unramified in K then 
(l/p) = - 1 for some odd prime divisor of the discriminant of K if and only 
if L does not belong to the principal genus of K. 
5. NORMAL QUARTIC FIELDS 
First we consider the case where K is a cyclic quartic extension of Q and 
k is its unique quadratic subfield. 
PROPOSITION 14. If Kc Q(c) or 1 j A,, then K has (*), if and only lf 
6, > e,. If Q(8) E K P Q(i) or 11 A,,, but I/ A,, and b, > e, then K has 
(*I,. IfkfQ($,, but W,,, and b, >e,+ 1 then K has (*),. 
Proof. If 1~ 3 (mod 4) then e, < 1, so in all cases it follows from 
Lemma3thate=eo.Thuseo+e,+e,-e=e,+e,.IfK~Q(~)thene,=2 
and e, = e, - 2 so e, + e, = e,. Similarly, when I j AK,,a, e, = 0 and e2 = e, 
so e, +e2=eo. If Q($)‘.K$ZQ(<) then e,=2 and e,=e,-1 so 
e,+e,=e,+l. When ljA,#,, but lid.,,, e,=l and e2=eo so 
e, +e>=e,+ 1. When l)A,,, and Q($)#k then e, =2 and e2=eo 
so e, + e, = e, + 2. The results are now immediate from Theorem 6 and 
Proposition 1. 
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COROLLARY 15. If1~ 3 (mod 4) then K has (*)I ifand only if K has even 
class number. 
ProoJ: Since 1~ 3 (mod 4), 1 j Akie. Thus from Theorem 6 and Proposi- 
tion 14, only the case 11 A,, , 6, = 1, and b, = 0 remains. Since [K, :K] = 2, 
K, c K(c) if and only if K, = K(n). If K, # K(G), Lemma 5 shows 
that K has (*),. Since K, is real when K is, we may assume K is imaginary 
and KI = K(n). If 1 splits in k, then at least three finite primes of k 
ramify in K and H/H, will not be cyclic. Thus Q is the decomposition field 
for Y n K, and so L belongs to a class of order 2 in K. Hence Lemma 5 
again applies to show that K has (*),. 
Now we consider bicyclic, biquadratic fields. We begin with an example 
which shows that Pierce’s result is not correct in this case. That is, there 
exist fields with even class number which do not have (*) with respect to 
a prime 1 s 3 (mod 4). Let K = Q(&%, fl). Since the quadratic sub- 
fields Q(m), Q(m), Q(n) of K have class numbers 2, 2, and 1, 
respectively, it follows from the class number formula that K has class 
number 2. Since K(&?)/K is unramilied, K(G) is the Hilbert class 
field of K. Thus all primes of K which split completely in K(G) = 
K(c) are principal. Also, 3 has only one’ prime divisor in K. Since 
(m/(lO+m))‘= -3/(41 ;4,,/%)= -3~, where E is a unit of 
Q(m), it follows that the prime divisor of 3 in K is also principal. Thus 
K has no nonprincipal Steinitz classes for the prime 3. Later, we give a 
corrected version of Pierce’s result. 
PROPOSITION 16. If either 11 A,, or Kn Q(C) # Q then K has (*), ifand 
only ifb,>ee,. IfKnQ(i)=Q, lid,,, andb,>e, then Khas (*)[. 
Prooj If 6, < e, then Proposition 1 shows that K does not have (*),. 
The converse of the first statement follows from Theorem 6 and Corollary 
7. If Kn Q(c) = Q, but II A,, then e,=e, e, = 1, e2 =e,, so the last state- 
ment follows from Theorem 6. 
COROLLARY 17. Zf 1 E 3 (mod 4) then K has (*)[ ifand only zfK has even 
class number, h, and at least one of the following is satisfied: 
(a) 1) A,,. 
(b) Kn Q(i) Z Q. 
(c) K is real. 
(d) h=O (mod4). 
(e) 1 has exactly two prime divisors in K. 
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ProoJ: Suppose K is real and all of a, h, and d are false, but h is even. 
As in Corollary 15, K, g K(i) and Lemma 5 shows K has (*),. Thus it 
follows from Proposition 16 that we may assume that ~1, h, c, and dare all 
false but h E 2 (mod 4) and prove that K has (*), if and only if 1 has exactly 
two prime divisors in K. Since 1~ 3 (mod 4) and h = 2 (mod 4) it follows 
that H,=H’ and [K,:K]=2. Since lid,,, KnQ([)=Q, and K is 
imaginary K(fl)/K is unramified and hence K, = K(n). First, assume 
that 1 has exactly one prime divisor L in K. Thus L has degree 2 and index 
2 over 1. Since G(K,/Q) z Zz x Z, x Z?, L must split in K, . Thus L belongs 
to a class of odd order in K. Lemma 5 shows that K does not have (*)(. 
Assume now that I has exactly two prime divisors L and L’ in K. Since 
I must ramify in exactly two quadratic subfields of K, one of the imaginary 
subfields has the form k = Q(p). Since J-14 K, d> I. Note that 
k(&f)/k is unramified. Also, since h = 2 (mod 4) the class number h, of 
k must satisfy either h,- 2 (mod 4) or h, E 4 (mod 8). Moreover, h,-4 
(mod 8) only if K/k is unramified. Since d> 1, the prime divisor of 1 in k 
must belong to a class of order 2. If h, = 2 (mod 4), it must gain degree 2 
in k(n), while if ho-4 (mod 8) it must gain degree 2 in K,. In either 
case, both L and L’ must gain degree 2 in K, Thus L and L’ belong to 
classes of order 2 in K. Lemma 5 shows that K has (*),. 
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